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In open multi-agent systems the set of agents Vi may change at
each step k € N, and each agent i € Vi holds:

® 1, € RP a local decision variable;
® f,:RP - R a local objective function;
® X; cRP a local admissible decision space (constraints);
so that the distributed optimization problem is:
min > filw)
{zitievy ey,

x; =xj, V(i,)) €& (consensus constraints).

The set of agents is partitioned into:

® Remaining labels Ryy1 = Zr+1 N Zk: labels present both at
time k and time £+ 1;

Arriving labels Agyq = Zg41 N\ Zy: labels present at time k + 1
but not at time k;
Departing labels Dy = Zj, \ Zx41: labels present at time k but
not at time k + 1.
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Theorem 1 in [R2]

Consider a sequence of finite label sets {Z } ey and spaces { X }ren labeled by those sets. Consider the
iteration z(k) ruled by an open operator Ty, : Xy — Xk41, and split the state z(k) = [m}?;mk] into two vectors:

o xfk{ € Rk s the vector of the remaining components;
] a:‘,? e RA® is the vector of the arriving components.
Assume that
(a) Fg is paracontractive with v € (0,1);
(b) the TSI has bounded variation B > 0, i.e., dsu(Xg+1, Xk )/ Zrs1] < B;
(c) the arrival process is bounded with H >0, i.e., 3&j € proj(w%,)?k) st d(z, 25) v/ Zk] < H;
(d) the departure process is bounded with 3 € (v,1), i.e., \/|Zx+1|/v/|Zk| = B-
Then, the open sequence {z(k) € Xy }ken converges linearly with rate 6 = v/3 € (0,1) to the TSI within a radius
B+H
R=—""", 1
= 1)
according to the following pointwise upper bound
d(z(k), X d(z(0), X) 1-6"
(@) 2) _ged@(©). Xo) 108 o

VITd VIZol L=

[R2] D. Deplano, N. Bastianello, M. Franceschelli, K.H. Johansson (2026). Optimization and learning in Open Multi-Agent Systems, IEEE Transactions on Automatic Control.
University of Cagliari, ltaly
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The local state updated of the DGD in open multi-agent systems is given by:

> wyzi(k) - pVfi(zi(k)) ifie VR,
zi(k+1) ={7N; i}
93: k+1 ifie VI?+1’
where w;; (k) =1 —a|/\f,-,k| and w;;(k) =€ if j € Nj .

Assumptions:
® local costs f; are proper, Isc, m-strongly convex, L-smooth, differentiable for all agents i € Vy;

® There exists a uniform upper bound 2 on the largest eigenvalue Apax of the Laplacian matrix;
® Assumptions 1-2 guarantee the contractivity of the standard iteration, with factor
v =max{|1l - pm|, |1 = pL|, |1 = pL — |} € (0,1)
© the distance between two consecutive (unique) global solutions x; and T}, is upper bounded by a
constant o > 0;
© the distance between each (unique) local solution z7 , and the (unique) global solution z} is upper
bounded by w > 0; '

® Assumptions 3-4 guarantee: (i) the trajectory of points of interest (TPI) has bounded variation with

B= %(% + 0+ £2); (ii) the arrival process is bounded with /7 = #(l + Lyw.

©® The departure process is bounded by 5 € (v, 1);
® Assumption 5 guarantees the linear convergence of the state trajectory to the trajectory of point of interest, with rate
9=~/ (0,1)
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Theorem (Distributed Gradient Descent Algorithm in OMAS)

Consider the distributed optimization problem over an open network

min Z fi(zi) = fx(z)

{witievy, ey,
s.t. x; =xj, V(i,j)egk

Assume that each graph Gi is connected and that the functions f; : RP — R are proper, lower semicontinuous,
m-strongly convex, differentiable, and L-smooth. Consider the distributed open iteration
> wij(k)zi(k) —pViizi(k)) ifie Vi,
zi(k+ 1) = 27N pu{i}
T} st if eV,
where w;; (k) = 1 — &[N x| and w;j(k) =€ if j € N 1. Assume also that Avax(Lx) < X and that the departure
process is bounded with 3 € (,1) for all k € N, where v = max{|1 - pm|, |1 - pL|, [1 = pL —eX|} < 1. If
pe (0 (2- z—:)\)/L) and e <2/, then the open sequence {z(k)}ken converges at a linear rate 6 = v/f3 to the
trajectory {Zx }xen of unique minimizers of the penalized objective fy(z) + 5 IT(EA ® 1,,)1 within radius R,

o L_w Lw
o)~ @il _ i@ -20l B+H - Bl ot 5 )
<6 ,  with f I
VoVil \/pVol 1-0 H:ﬁ(1+ﬁ)w.
R
Diego Deplano University of Cagliari, Italy

Introduction to Open Multi-Agent Systems — Part IV — Splitting algorithms via operator theory



EMNIST DB

Remark 1. The standard iteration of the distributed DGD in open networks admits a unique fixed point at each
step k, thus yielding a TPl and allowing to prove its contractivity.

Question 1. How to deal with algorithms that do not admit a TPI but a trajectory of sets of interest (TSI)?
Answer 1. Since contractivity cannot hold by definition, one must restort to the less strict property of
paracontractivity.

Remark 2. The TPI of the distributed DGD in open networks does not coincide with the set of optimal
solutions (i.e., it converges to the wrong point).

Question 2. Are there alternatives to distributed DGD?
Answer 2. Many. In this set of slides a distributed version of ADMM in open network will be discussed and
characterized.
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@ The Peaceman-Rachford splitting (PRS) algorithm
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We consider unconstrained, composite optimization problems:
i +
min f(z) +g(x)
A solution to the problem can be computed by means of the Peaceman-Rachford algorithm
2(k+1) = reﬂg(reﬂ;(z(k))),
z(k+1) = prox’f)(z(k)),
if the objective function satisfies the following conditions:
® convexity: both f and g;
® properness: both f and g;

® lower semicontinuous (Isc): both f and g.

Furthermore, we define the relaxed version (Krasnoselskij iteration) by

z(k+1)=(1-a)z(k) + ocreﬁ’g’(reﬂfc(z(k)))7 ae(0,1).
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Corollary 2 n [R1] (Consequ

Let f: X >R and g: X > RuU {+o00} be proper, Isc, and convex functions. Then, if f and g satisfy a
qualification condition®, minimizers z* of f + g satisfy

e of the Fermat's rule)

x* € argmin(f + g) — 0€ (0f +9g)(z™).

LRI] Bauschke HH and Combettes PL (2017). Convex analysis and monotone operator theory in Hilbert spaces, second ed., CMS books in mathematics, Springer, Cham.
The most basic qualification condition (see Cor. 27.6(b) in [R1]) is that the intersection between the relative interiors of the domains of f and g is nonempty.

Remark. We make the standing assumption that f and g satisfy a qualification condition (i.e., we assume it
holds without mentioning it every time).

Diego Deplano University of Cagliari, ltaly
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Operator splitting

Our problem is, again, that of finding a zero of the subgradients, namely:

0¢(0f +9g)(x),

which we know are maximal monotone under convexity and lower semicontinuity of f and g.
Idea: Transform this problem into a fixed-point iteration with operators constructed from 9f, dg:

0¢e(0f +0g)(x)
0 (pOf +pdg)(x)

Ju € df (x) such that —u € dg(x) 20 —pu € pdg(x)
for z:=z + pu = x — z € pdg(x),
2z — z € (1 + pdg)(x),
Joog(2z - 2) =z,
since z:=x+pucx+pdf(x) =x=1,0(2) = Jpag(2dpar(2) = 2) = Jpar(2),
2Jp04((2dpar —1)(2)) = (2dpay -1 (2) + 2,
(2Jp8¢g — 1) (2Jp0f — I)(2) = 2.
Rpog Rpor
Where R,sp := 2], — | is known as the reflected resolvent operator.
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Proposition 16.44 in [R1]

Let g:RP - RuU {+00} be proper, Isc, and convex. Then, the reflected resolvent operator becomes the so-called
reflective operator defined by
Rpag(w) = reflf := 2 proxf (z) - .

[R1] Bauschke HH and Combettes PL (2017). Convex analysis and monotone operator theory in Hilbert spaces, second ed., CMS books in mathematics, Springer, Cham.

Proposition 4.4 and 12.28 in [R1]

Let g : R? > RuU {+o0} be proper, Isc, and convex. Since the proximal operator is firmly nonexpansive, then the
reflective operator reﬂg’ is nonexpansive, i.e.,

||reﬂ"g’(x) - reﬂg(y)" <|z -y, Va,yeRP.

[R1] Bauschke HH and Combettes PL (2017). Convex analysis and monotone operator theory in Hilbert spaces, second ed., CMS books in mathematics, Springer, Cham.
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The Peaceman-Rachford algorithm via the reflected resolvent operator

Idea: Design an operator T whose fixed points z* can be projected into the minimizer z* of f.
A possible solution can be found by means of the (averaged) Peaceman-Rachford operator
T(z) = (1—a)z+areﬂ§(reﬂ;(z)), p>0,

which is such that
0e(Of +9g)(z*) <= z*= prox?(z*) with T(z*) = z*.

i.e., minimizers of f + g are proximals of fixed points of T, as we wanted.

Does it work? (Is the operator contractive or averaged?)

Diego Deplano University of Cagliari, ltaly
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The Peaceman-Rachford algorithm: the main result for convex functions

Theorem (Relaxed Peaceman-Rachford Algorithm)

Consider the unconstrained composite optimization
min f(x) + g(x
min £ (2) +9(),
and assume that f and g are proper, Isc, convex, that f + g admits at least one minimizer. Then, the iteration

2(k+1) = (1 - a)z(k) + areflf (22(k) - 2(k)),
z(k+1)= prox‘;(z(k +1))

converges (not necessarily at a linear rate) to a fixed point z* such that z* = prox?(z*) is a minimizer of f +g¢g
for any ac€ (0,1) and for any p >0, i.e.,

klim 2(k) = 2", klim z(k)=2" e X", p>0, ae(0,1),

where X* is the set of minimizers of f + g.
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The Peaceman-Rachford algorithm: proof for convex functions

Proof (via Krasnoselskij, Theorem 5.15 in [R1]): Let R:= reﬂgoreﬂ‘; and recall the relaxed PRS algorithm:
2(k+1) = (1-a)z(k) + aR(z(k)), x(k+1) = prox‘;(z(k)).

Step 1: fixed points and minimizers. By Fermat's rule and the qualification condition, for any minimizer
z* e X* it holds 0 € (O0f + Og)(«™), and vice versa. Equivalently, there exists u* € 9f(z*) such that

—u* € dg(x*). Recall that: z = prox;(m +pu) <= uedf(x).

Minimizers yield fixed points. Let 2* € X* and set z* :=2* + pu*. Then

prox?(z*) = prox?(m* +pu*) =z, = reﬂ’;(z*) = 2pr0x?(z*) -2 =22 - 2" =" - pu”,

and thus
*

R(z*) = reﬂ‘g’(reﬂ’;(z*)) =reflf (z* - pu™) = 2proxf(z* - pu™) - (z* - pu”) =" + pu* = 2",

Fixed points yield minimizers. Let z* € fix(R) and set z* = prox?(z*) and u* = (2* —z*)/p. Then

*

x =proxfp(z*) :prox’;(x* +pu’*) — u* e df(z"),

¥ = 2" - pu” = 2proxf(z” - pu*) -z <= -u” e dg(z"),

Thus, 0 =u* —u* € (Of + dg)(x*), i.e., x* € X*.

Step 2: R is nonexpansive. Since reﬂ; and reﬂg are nonexpansive, their composition is nonexpansive.
Step 3: convergence z(k) — z* € fix(R) follows by Thm 5.15 in [R1]. Thus, z(k) — prox?(z*) e X*.
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Additional assumptions: Assume that f is m-strongly convex and L-smooth.

eorem 1 in [R9]

Let f:RP — R be a proper, Isc, m-strongly convex and L-smooth function. Then, for any p > 0, the reflective
operator reﬁ’; is contractive with contraction factor -y € [0,1) given by

pL-1 1-pm
yi=max{——, —— ¢, ||reﬂ? (z) - reﬂ?(y)” <vlz -y, Vz,y e RP.

pL+1"1+pm

[R9] Giselsson P and Boyd S (2017). Linear Convergence and Metric Selection for Douglas-Rachford Splitting and ADMM, IEEE Transactions on Automatic Control.
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The Peaceman-Rachford algorithm: the main result for strongly convex and smooth functions

Theorem (Relaxed Peaceman-Rachford Algorithm)

Consider the unconstrained composite optimization

min f(z) +g(x),

and assume that f and g are proper, Isc, convex. Additionally, assume that f is m-strongly convex and
L-smooth. Then, the iteration

2(k+1) = (1 - a)z(k) + areflf (2z(k) - 2(k)),
z(k+1)= prox?(z(k +1))

converges at a linear rate to the unique fixed point z* such that z* = prox?(z*) is the unique minimizer of
f+g forany ae(0,1) and for any p> 0, i.e.,

I —1s=
l2(k) - 2] < €% 12(0) - 2*], f=1—a(1—7),7=maX{p ’”"}<1

pL+1" 1+ pm
Consequently, also z(k) converges linearly to *. Moreover, the best value of this contraction bound is achieved

for p* =1/v/mL and o* =1, and it is equal to £* = (\/L/m —1)/(x/L/m +1) (Prop. 3 [R9]).

[R9] Giselsson P and Boyd S (2017). Linear Convergence and Metric Selection for Douglas-Rachford Splitting and ADMM, IEEE Transactions on Automatic Control.
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PRS vs PG: bound on the convergence rate comparison

Consider the composite problem min, f(x) + g(z) with f being m-strongly convex and L-smooth (x := L/m).

Proximal Gradient (optimal step p* =2/(m+ L)):

. L-m k-1
log = =

Peaceman—Rachford (optimal p* =1/v/mL, a=1):

Claim: £ < £r, for all k> 1.
Proof. Let t =/k > 1. Then £5, = (t> = 1)/(t2 + 1) and £}, = (t - 1)/(t + 1).

g Pl o1 (@D -(@-DEr) (DD - @+ D] 2u-1)
TOUPRS Tz pe1 (2 +1)(t+1) - (2 +1)(t+1) T@enEen

Thus PRS achieves a strictly better bound on the contraction rate than PG.
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Relaxed PRS vs PG: a numerical example

Minimize f(z) + A|z|1 with A = 1.5:
f(@) =32 00(wi—ci)?
o=(2,2,1,1), c= (5,3,1,0.5), k = 2.

Proximal GD (optimal p* = —2,=2):

lho =51 =4 ~033.

K+1

PRS (optimal p* = \/;7:\%), rate /=|1-a| + ay:

e a=1: Z=%w0.17

® a=0.5: £~0.59 (slower than PG)
® a=0.1: £~0.92 (slower than PG)

All start from z(0) = (10,8,6,4).
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© The distributed PRS algorithm in OMAS (Open ADMM)
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Consider a network of n € N agents connected according to a graph G = (V,€). Each agent i € V has a local
cost function f; : RP? - R and the network wants to minimize the sum of all cost functions:

min Y fi(x).

xeRP iy
We have seen that this problem can be equivalently written in a distributed way as follows:

min Z fi(zy)
i€V

T, €RP
st. xj=x; VY(i,5) €€

where x; € R? is the local copy of the i-th agent’s estimate. Alternatively, instead of enforcing directly x; = x;,
we can enforce the consensus constraints on auxiliary variable y;; defined for each edge (7,7) € £, namely,

min Z fi(zi)

z1ynxneRP I

st T = Yij, Tj = Yji, Yij = Yji,  V(i,J) €E.

Diego Deplano University of Cagliari, ltaly
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We can rewrite the consensus optimization problem as a separable composite problem with linear constraints as
follows
min - f(z) +9(y),

zeRP™ yeRPIE|
st Az+ By=c.

T

where x = [x],-, 2] is the vector stacking all the agents states, and where

_ s _ o i yey={yeRPEly;; =y, V(i) € £},
f(w) = ZEZV fl(z1)7 g(y) = Ly(y) ) too otherwise,

and where
A = block-diag(1xr,))s B=-1I, c=0.

Diego Deplano University of Cagliari, ltaly
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Problem 1: This is a constrained problem, so the PRS algorithm cannot be applied to it directly.
Solution 1: We can apply the PRS algorithm to the unconstrained dual problem instead, yielding the so called
Relaxed Alternating Direction Method of Multipliers (R-ADMM). Indeed, by Proposition 19.21 in [R1], the dual

problem is given by

min  f*(ATw)+g* (CTw) - c"w.

weRY

f(w) g(w)

where h*(v) = sup,pa {v'x — h(z)} is the convex conjugate function of a function h.

Problem 2: The dual objective f(w) = f(Aw) is not strongly convex even if f is strongly convex, because A
has surely not full row rank.

Consequence: We cannot enforce (global) linear convergence by simply asking that f is strongly convex (as we
did so far). Indeed, strong convexity of f (with additional assumption) only allows to prove local convergence
(close to the optimum).

Hint: The fundamental issue is the rank deficiency of A, which implies the set of fixed points is not a singleton,
and thus the resulting operator cannot be contractive by construction.

Solution: We will enforce paracontractivity instead of contractivity.

Diego Deplano University of Cagliari, ltaly
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Remark. The particular separable structure of f(z), g(y), A, B allows to specialize the PRS algorithm so that
the update of the z(k) and z(k) variables are amenable of distributed implementations, as formalized next.

Distributed R-ADMM in Appendix A-A of [R10]

Consider the following optimization problem

f(z) +9(y),

min
zeRP™ yeRPIE|

st Az+ By-=c.

where x = [x],-,;,]7 is the vector stacking all the agents states, and where

0 if yeY={yeRPEl:y; =y V(i,5)cE},
+o0o otherwise,

F@) =3 filzs),  gy)=ry(y):= {

€V
and where A = block—diag(1|Ni|)7, B =-1I, ¢c=0. Then, the PRS operator applied to the dual yields the
so-called R-ADMM algorithm, ruled by the following set of updates (with n; = [N;|)
Zij(k‘ St ].) = (1 = a)zij(k) + (prj(k) = Zji(k)) 9 Vi e V,j € M,

1
zi(k+1):prox}(pm — > z(k+1) VieV.
° P JeN;

[R10] Bastianello N, Carli R, Schenato L, Todescato M (2021). Asynchronous Distributed Optimization Over Lossy Networks via Relaxed ADMM: Stability and Linear
Convergence, IEEE Transactions on Automatic Control.
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Theorem (Distributed Peaceman-Rachford Algorithm)

Consider the distributed optimization problem

min Z fi(z:) = f(z)

{zitiev ey

s.t. z; =xj, V(i,j)ég

Assume that the graph is connected and that the functions f; : RP — R are proper, Isc, convex. Then, the
distributed R-ADMM iteration

zij(k+1) = (1 - a)z;ij(k) + o (2pzj (k) — z5:(k)), VieV,jeN;,

1
a:i(k+1):prox}£pm(pn‘ > zij(k+1)) Vie).

i jeN;

converges (not necessarily at a linear rate) to a fixed point z* such that z* = prox}(pm (ﬁ Y jeN; zz*]) is a
k2 k2

minimizer of f + g for any a € (0,1) and for any p >0, i.e.,

klim 2(k) = 2", klim z(k) =1®z* with z* € X™, p>0, ae(0,1),
where X* is the set of minimizers of f + g.
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Additional assumption: Assume that f is such that its proximal proxy is an affine function.

An operator T : X — Y with X € Y c RP is (globally) “u-metric subregular” if, for some p >0 and for all z € X,
it satisfies
d(z, fix(T)) < p-d(z, T(z)).

[R11] Robinson SM (2009). Some continuity properties of polyhedral multifunctions, Mathematical Programming at Oberwolfach.

Special case of Proposition 1 and the discussion within Pages 6-7 in [R11]

An affine operator T : z — Mx + g with = € RP is (globally) “u-metric subregular” where p is the smallest
strictly positive singular value of the matrix I — M, namely,

p=ot, (I-M)= 'I{lin {o:(I-M):0,(I-M)>0}.
i=1,,p

[R1] Robinson SM (2009). Some continuity properties of polyhedral multi ion: ical Pr ing at Oberwolfach.

Diego Deplano University of Cagliari, ltaly

Introduction to Open Multi-Agent Systems — Part IV — Splitting algorithms via operator theory



orith The distributed PRS in OMAS (Open ADMM) T PRS in OMAS (FedPRS) E: on EMNIST DB

O 000000080000 0000000000

Proposition 1 in [R2]

If an operator T: X — ) with X € Y c RP is:
* a-averaged, i.e., there is a € (0,1) such that [T(z) - T(y)|? < |z - y|* - 1?T°‘||(z —y) = (T(z) - T
® p-metric subregular, i.e., d(z,fix(T)) < p-d(z, T(z));

then, T is y-paracontractive, i.e., d(T(x),fix(T)) <~ -d(=,fix(T)), with contraction factor given by

[R2] D. Deplano, N. Bastianello, M. Franceschelli, K.H. Johansson (2026). Optimization and learning in Open Multi-Agent Systems, IEEE Transactions on Automatic Control.

Proof. Set y = proj(z, fix(T)), such that y = T(y), then:

"2 @-y) - (T(@) - )

d*(T(2),fix(T)) < [T(2) - T < |z - y)* -

= d?(z, fix(T)) - ]‘?T“cﬁ(m, T(2)) < d2(x, fix(T)) - Z_—Qadz(x,fix(T))
o

- (1 - la_T;”) & (z, fix(T))
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Theorem (Distributed Peaceman-Rachford Algorithm)

Consider the distributed optimization problem

min Y fi(z;) = f()

{zitiev iep

st. xi=x5, V(i,j)e€

Assume that the graph is connected and that the functions f; : RP — R are proper, Isc, convex. Additionally,
assume the proximal of each local cost f; is affine. Then, the distributed R-ADMM iteration

1

Z‘l(k + 1) = prox}(pnl (— Z Zij (k‘)) VieV
‘ i jeN;

Zij(k: P 1) = (1 —a)zij(k) +a(2pmj(k+ 1) = Zji(k)) 9 Vie V,j GM.

converges (at a linear rate) to a fixed point z* such that z* = prox}/pm( 1

' P YieN; zfj) is the unique minimizer
of f+g for any a € (0,1) and for any p>0, i.e.,

1-—
J2(k) = 2" £ 7% [2(0) = 2*[, for some y=1/1- — € (0,1),
ap?

where 1 > 0 is the metric subregularity constant of the resulting operator. Consequently, also z(k) converge
linearly to the consensus state 1,, ® * on the unique minimizer z*.
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Distributed PRS with affine proximal: proof of linear convergence

Proof. Define the PRS operator T(z) := (1 - a)z + areﬂg(reﬂ’}(z)).

Step 1: T is a-averaged. Since reﬁ? and reﬂg are nonexpansive, their composition R := reﬁg oreﬂ'; is
nonexpansive, and T = (1 — )l + aR is a-averaged by definition.

Step 2: T is affine. Since prox; is affine by assumption, reﬂ? = 2prox? —l is affine. Since g =1y is the
indicator of a polyhedral set, prox§ = projy is affine, and so reflf is affine. The composition R = refl] oreﬂ? is

affine, and therefore T = (1 — a)l + aR is affine.
Step 3: T is metrically subregular. Since T is affine, T is globally y-metrically subregular for some p > 0 [R11].
Step 4: T is paracontractive. By Proposition 1 in [R2], averaged + metrically subregular = ~-paracontractive

withw:,/l—i’T‘;‘<1.
Step 5: linear convergence. Since T is paracontractive, d(z(k), fix(T)) < v*d(2(0), fix(T)) — 0 at a linear rate.
Since prox; is Lipschitz, (k) = prox‘}(z(k)) also converges linearly to a minimizer as it was proved earlier.
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DGD vs Distributed ADMM: non-strongly convex quadratic costs with affine proximal

4 agents on a cycle graph in R2. )
10 = DGD (constant p)
0 - Distributed ADMM  (a = 0.5)
fi(z) = (@ -¢;)"Qi(z ~¢;), Qi=0. — 10
X, 1073
) ! 1076
DGD (constant p): sublinear convergence (curve = 10-9
bends on log scale) + bias. B 10-12
Distributed ADMM: still converges linearly to the 10-15 v
exact z* (straight line on log scale to machine 10-18
0 50 100 150 200 250 300 350 400 450 500

precision) because proxy, is affine = operator is

affine = metrically subregular = paracontractive. Iteration k

2(0) = (1000, 1000) for all agents.
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DGD vs Distributed ADMM: non-strongly convex quadratic costs with non-affine proximal

4 agents on a cycle graph in R2.

100 = DGD  (constant p)
4 -~ Distributed ADMM (o = 0.5)
fi(z) =X;(zj - ciz) = 10-3
8 -6
| 10
Smooth, convex, not strongly convex. B 10-9
~e
DGD (constant p): sublinear convergence (curve B 2
bends on log scale) + bias. 10-15
o . ot ; —18
DIStrlblited A!DMM. still converges I|near|ylto the 107 500 200 600 800 1.0001,2001,4001,6001,8002,000
exact z* (straight line on log scale to machine
precision). Iteration k

Remark. The ADMM operator is not affine here, but
it is smooth and locally metrically subregular near the
fixed point.

2(0) = (10, 10) for all agents.
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Consider an open network of ny € N agents, with ny = [Vg|, interacting according to a time-varying graph
G = (Vy, &), connected at every k. Each agent i € V;, has a local cost function f; : RP — R, and the goal is to
minimize the sum of all local cost functions:

min > filzs)
{witicv, e,

st. x;=x5, V(i,7) €& (consensus constraints)
where z; € RP is agent i's local copy of the decision variable.

Since to execute the PRS algorithm the agents need to store and updated per-edge variables, we need to
distinguish between remaining, arriving, and departing neighbors:

® Remaining neighbors R; 41 =N k+1 NN k@ neighbors present both at time k and time k + 1;
® Arriving neighbors A; k11 = Nj g+1 NN i neighbors present at time k + 1 but not at time k;
® Departing neighbors D; ; = N, N N k41 neighbors present at time k but not at time k + 1.
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We formalize our assumptions, which use the following notation for the set of solutions to the distributed
optimization problem:

Xy ={zp eRP: > fi(zp)=min > fi(z)},
i€V, zeRP

and for the minimizers of each local cost function,
Xi*k:{x:keRP:fi(m:k):minfi(a:)}, Vie V. (2)
’ ’ ? TeRP

Main assumptions. For any k € N:
i e local cost functions f; are proper, Isc, and convex for all i € Vi, and X*, , are not empty;
the local cost funct | d forallieV d X7, &L t t
(i) the distance between two consecutive global solutions x; € X and z},, € X}7 | is upper bounded by a
constant o > 0;

iii) the distance between each local solution 7, € X*, and the global solution x} € X} is upper bounded by
i,k i,k k k
w>0. ' ,

Diego Deplano University of Cagliari, ltaly

Introduction to Open Multi-Agent Systems — Part IV — Splitting algorithms via operator theory



The distributed PRS in OMAS (Open ADMM) Tt

0000000000000 0e0000000

The distributed R-ADMM in open multi-agent systems (called Open ADMM) can be written as follows:

(1 - a)zij (k) + « (prj (k) = Zji(k)) ifie V113+1 and j € Ri,k.ﬂ,
A

(k+1) =
Z”( ) ifiGV]‘cA+1 andjeAi,kH,

Zi‘,j,kﬂ
1pmi | 1
xi(k+1):prova — > zZik+1) ).
‘ P jeN; et

Design: Several choices are possible for initializing the variable Z%,ku of arriving channels:
® Initialization to (penalized) local minimizer: Z?j,k-ﬂ = pz}, ., (our choice);
* Blind initialization: 2} , ., = 0;
® |nitialization to the average of neighboring states Z;,Aj,k+1 = m Zje/\/i,k xj(k) (this requires that the
arriving agents can communicate with neighbors before joining the network);
® |nitialization within a bounded set Z?j,k+1 eX (e.g., in the case of the projected DGD);

® Other choices.

[R2] D. Deplano, N. Bastianello, M. Fr: helli, K.H. Joh (2026). Optimization and learning in Open Multi-Agent Systems, IEEE Transactions on Automatic Control.
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The standard iteration of Open ADMM ruled by the operator Fj, = [--+,F;; 1,--]7 is
z(k+1) =Fr(z(k)) =[(1 - a)I — aPy] 2(k) + 2apPr Axz(k)
a(k+1) = Pi(2(k)) = prox/™ (Dy A= (k + 1))

where:

® the operator pI‘OX}/pnk :RIk - RTk with Jj, = {(3,£) :i€ V) and £=1,...,p} applies block-wise the
proximal of the local costs f;;

® the matrix Ay = A ® I, € {0,1}76* Ik is given by A € {0,1}5%*VE defined block-wise for i € V, and
j € N; i, by the matrices A;j = [e;,e;]7 for j > i where ey € {0,1}V* denotes a canonical vector;

® the matrix Dy, e R7*Jk is given by Dy, = blkdiag{(on; x) 1 Ip}™,;

® the matrix Py € {0,1}7¢*Zk is a squared block-diagonal matrix given by P}, = I¢, 2 ® (I1® Ip) with
Im=[01;10].
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Special case of Theorem 1 in [R2]

Consider an OMAS and assume that
(a) the standard iteration is paracontractive with v € (0, 1);

(b) the TSI has bounded variation B > 0, i.e., dsu(Zr+1, 21 )/\/201Ek+1] < B;
(c) the arrival process is bounded with H >0, i.e., 32, € proj(zg,ék) s.t. d(z?,ik)/\/2p|8k| < H;

(d) the departure process is bounded with 8 € (v,1), i.e., \/|Ek+1|/\/IEk| = B-
Then, the open sequence {z(k)}ren converges linearly with rate 6 = /3 € (0,1) to the TPI within a radius

_B+H

o ®

R

according to the following pointwise upper bound

da(k).2) _ grdz0),20) 1-0%
vl w1

Consequently, also (k) converges linearly to the consensus state 1,, ® * on the unique minimizer z*.

[R2] D. Deplano, N. Bastianello, M. Franceschelli, K.H. Johansson (2026). Optimization and learning in Open Multi-Agent Systems, IEEE Transactions on Automatic Control.
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Proof of condition (a) (the standard iteration is paracontractive with v € (0,1)).
The standard iteration is simply the PRS algorithm, which we have already proved to be paracontractive with

constant v, =, /1 - ;T‘;‘
k

Remark. Obtaining a uniform upper bound v < 1 on the contraction factor 7, would require to know the metric
subregularity constant p, which depends on:

® the local costs f; for i € Vi (through the specific form of the proximal associated with);

® the graph Gy (through the matrices Pj, and Ay).

Conclusion: We assume that there exists such a uniform upper bound ~ > ;. for all k€ N.
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Proof of condition (b) — Part 1 (the TPI has bounded variation B > 0, i.e., dsu(Z), Z5-1)/\/2pEk| < B).
The standard iteration of Open ADMM ruled by the operator Fj, = [--+,F;; 1, -+]7 is

z2(k+1) =Fr(2(k)) =[(1 - )] - aPy] z(k) + 20pPi Az (k)
z(k+1) = Pp(z(k)) = prox}/P"k (DrALz(k +1))

At a fixed point Zj of the standard iteration it holds (1, ® z}) = prox}/’)"k (DrALZy), yielding
(I + Pk)ék = 2pPkAk:(1nk %] .CC;;)
Since [+ Py =1I¢, j2® (J®Ip) with J =11+ 13 = [i i:| and pseudoinverse J1 = %J, the projection of any
z e RTk onto ék decomposes into edge blocks Z;; . € R2P as
5 1 *
Zijk = Zij — 5(]@ Ip)(zi]‘ — p(12 ®xk))
Similarly, 25 p—1 = 2zij — %(J ® Ip)(zij -p(12® xz_l)), hence,

Zijk ~ Zije-1 = 5 (T @ Ip) (12 ® (¢, — ).
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Proof of condition (b) — Part 2.

d(proj(z, Zx,), proj(z, Zx-1)) = > ||5”k - 731’]’,1@—1"2
JVR <R

-y Y Zjuen)tee @l -a )|
= 1 p)(12 @ (T xk—l))”

(e i<iER

2
S X ¥ Glenlle ;- )

ieVRi<jeR; i

(i1) p2o? (iii) p2o2

2l s 2 | sy B
ieVRi<jeR; g ieVRi<jeR g

i (v)

@Y Y 2= [ Y X 2< poVIRal,

iev;j i<jeR; i ievg i<jeR; k

where () sub-multiplicativity; (i4) |J ® Ip| = |J||Ip] = [J] and |12 @ (z} — 2z} )| = 2|z} — 2| < V203
(é11) Riesz-Thorin; (i) |J]; = [J]e =2; (v) |Rg| is the number of remaining channels. Taking the sup over z
yields B = po.
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Proof of condition (c) (the arrival process is bounded with H >0, i.e., d(z5, 2;)/v/2p|Ek| < H).
Under initialization z;; (k) = px} . for arriving channels, decomposing into edge blocks:
d(@?? ik) = Z Z

p z7 R
L x Zji k
€V i<jeA; i J.k It
P L
—(J®I, A S DY
2 p)([fc},k r
2 * _ *
14 2 Tk~ Ty
Cvenpy |k
ieVy i<jed; i J.k k

(i4) (iv)
< 2SS 2w=pw [0S 2 < pwn/| Ayl
i€V i<jed; ) i€V i<jed; i

where (%) uses the projection formula from the proof of condition (b); (i¢) sub-multiplicativity; (zi:) |J| < 2 as

2

(@) 2
—\Z >

1€V i<jeA;

(i1) 2
<

before and HT,*A - TZH < w by assumption; (iv) |Ag| is the number of arriving channels. Therefore, H = pw.
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Theorem (Open ADMM Algorithm in OMAS)

Consider the distributed optimization problem over an open network

min > filzy)

{witievy, ey,

s.t. z; =xj, V(Z,])ng
Assume that each graph Gy is connected, that f; : RP — R are proper, Isc, and convex, and that the standard
iteration is uniformly paracontractive with v € (0,1). Consider the Open ADMM iteration
(1-a)zi; (k) + a(2pz (k) ~2ji(k)) i€V, Rk,
sz,k“ iev]?+17 JeA; ki1,

Zl‘j(k+1) = {

) _ 1/pmi( 1 |
x,(k+1)—pr0xfi (P’h‘ LjeN; Zl](k_'—l))'

Assume also that \/|Ex+1|/+\/|Ek| = B with B € (v,1) for all k € N. Then, the open sequence {z(k)}ken
converges at a linear rate 6 = v/ to the TPI within radius R,
d(z(k), 2) <o d(z(0), 20) . B+H

V2Pl T V2pl&]  1-6)

R

with B =po, H =pw.

Consequently, z(k) converges linearly to the consensus state 1,, ® zj.
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Outline

@ The federated PRS algorithm in OMAS (Open FedPRS)
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Distributed VS Federated

O

peer-to-peer federated
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Consider a network of n € N agents connected according to a graph G = (V,€). Each agent 7 € V has a local
cost function f; : RP - R and the network wants to minimize the sum of all cost functions:

min > f;(x).
ey
We have seen that this problem can be equivalently written in a distributed way as follows:

min > fiwi)

T, T €RP I
st. x;=xj V(i,j)ég

where x; € RP is the local copy of the i-th agent’s estimate. Alternatively, instead of enforcing directly x; = x;,
we can enforce the consensus constraints on auxiliary variable z; defined for each node i € £, namely,

ml»'{r,lalcryteRP z;i fl(mz)

st. x;=2;, VieV

Zi=Zj, (Z,j)Eg
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We can rewrite the consensus optimization problem as a separable composite problem with linear constraints as

follows )
min f(z) +9g(y),
zeRP™ yeRPIE|
st Ax+Bz=c.
T T]T

where x = [x],, 2], ] is the vector stacking all the agents states, and where

0 if ={y e RPNy, =y, (i, 5) € £},
F@) = X fuw), g =iz()={0 T VY= e Ry =y, V0 ) £}
by +oo  otherwise,

and where
A=1, B=-1I, c=0.
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Therefore, in principle, we could apply the (non-relaxed) PRS algorithm to solve the problem:
E(k+1) =reflg (2z(k) - £(k)),
z(k+1) = prox?(é‘(k +1))
Apply the change of variable z(k) = 2z(k) — £(k) and obtain
€(k+1) = 2prox(=(k) = 2(k),
z(k+1)= proxp(f(k +1))
Let z.(k) = proxf(z(k)) be the computation carried out by the coordination. Since g is the indicator function

over the consensus set C, such that proxf(z) = proj¢(z) = (lnk ng ® Ip) z, then &(k + 1) = 2z(k) - z(k),

yielding
x(k+1)= prox’;(Qz(,(k) -2(k)),

z(k+1)=z(k)+2(x(k+1) - z.(k)),

®1p)z(k;+ 1),

1
ze(k+1) = n—k (l'u»ljbk

which, component-wise, can be written as follows
zi(k+1)= prox? (2z¢(k) = z;(k))
zi(k+1) =zi(k) +2(zi(k+1) — zc(k))
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The federated PRS in open multi-agent systems (called Open FedPRS) can be written as follows:

zi(k+1)= proxp, (2z¢(k) — z(k)) ifie VR,
w1 = zi(k) +2(zi(k+ 1) — zc(k)) If’LEV}}+17
xlk+1 |fzer+1,

where the local coordinator computes and transmit at each step the following aggregate information

ze(k) = — ! > zi(k)

|V | i€V

Letting Jy = [Vi|™ (lle|1|v |® I,), the standard iteration of Open FedPRS ruled by the operator
Fr = [7 Fi,k::"']T is
2(k+1) =Fr(z(k)) =2(k) + 2(x(k+ 1) — 2¢(k)) =2x(k + 1) — (22¢(k) — 2(k))
= 2prox’;i (22c(k) — zi(k)) — (2z¢(k) - z(k))
= 2reﬂ’;i (2z¢(k) — zi(k)) = 2reﬂ?i (2Jk2(k) - zi(k))
= 2reﬁ?i (2T, - 1)zi(k))
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Special case of Theorem 1 in [R2]

Consider an OMAS and assume that
(a) the standard iteration is paracontractive with v € (0, 1);

(b) the TSI has bounded variation B > 0, i.e., dsu(Zx+1, 2% )/\/PVie1] < B;
(c) the arrival process is bounded with H > 0, i.e., 32 € proj(zg,ék) s.t. d(z,‘j,ik)/\/p|vk+1| < H;
(d) the departure process is bounded with 8 € (v,1), i.e., \/P|Vi+1|/\/PIVk| = B.

Then, the open sequence {z(k)}ren converges linearly with rate 6 = /3 € (0,1) to the TPI within a radius

_B+H

R ;
1-6

according to the following pointwise upper bound

da(k).2) _ grdz0),20) 1-0%
vl w1

Consequently, also x(k) converge linearly to the consensus state 1, ® * on the unique minimizer z*.

[R2] D. Deplano, N. Bastianello, M. Franceschelli, K.H. Johansson (2026). Optimization and learning in Open Multi-Agent Systems, IEEE Transactions on Automatic Control.
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Proof of condition (a) (the standard iteration is contractive with £ € (0,1)).
To satisfy this condition is sufficient to show that the operator Fj, is contractive.

® F} is the composition of the operator reﬁ; with a linear operator Ji_1 : x + (2Jk-1 — I)x;

® The operator J;_1 is nonexpansive because all eigenvalues of 2J;,_1 — I are within the unit
circle (see Lemma 3 in [R12]): the matrix \Vk|71(1|vk|1lTvk| ® Ip) has all eigenvalues equal to 0 but one
that is equal to 1 and the Kronecker product with the identity matrix I, leaves the eigenvalues unchanged;

® The reflected operator reﬁ? is {-contractive when f is u-strongly convex and L-smooth, and the

; o pL-1 1-pm : .
contraction rate £ := max{ Py m} holds by Theorem 1 in [R9];
© Since F, is the composition of a nonexpansive operator with a ¢-contractive operator, then Fy is

{-contractive.

Remark. The constant ¢ already holds at any time k € N and it does not depend on the network topology due to
the presence of the coordinator.

Conclusion: The contraction factor £ holds uniformly.

[R9] Giselsson P and Boyd S (2017). Linear Convergence and Metric Selection for Douglas-Rachford Splitting and ADMM, IEEE Transactions on Automatic Control.
[R12] Belgioioso G, Fabiani F, Blanchini F, and Grammatico S (2018). On the Convergence of Discrete-Time Linear Systems: A Linear Time-Varying Mann Iteration Converges

IFF Its Operator Is Strictly Pseudocontractive, IEEE Control Systems Letters.
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Proof of condition (b) (the TPI has bounded variation B > 0, i.e., dsu(Zx, Zx-1)/\/p|Vi| < B).

Step 1: characterize the fixed points. At a fixed point 25 of the standard iteration, the coordinator’s output
satisfies Ji 2 = 1n, ® x;, and, by the update rule, it holds Ji 2 = prox?((ZJk —TI)2). Since the proximal

operator is characterized by a = prox? (b) < b-acpdf(a), then:
(20 = D2k = T2k = pV fre(Jr2k)
2k = Jiik = p Vi (Jkzk)
2p=1n, @) — pVfi(1n, ®zf).
Component-wise: Z; ;. = 2, — pVfi(2}), VieVg.
Step 2: bound for remaining agents. For i € V};{:
12i,6 = 2i 1] = N2k, = wioy = p(V filzy) = Vilzg20)|
@y . x x
< ok -zl + Al v fi(aR) - Vi)
(i4) I €]
< (1 +pL)|wy - zf | < (1+pL)o,

where (%) triangle inequality; (i7) L-smoothness of f;; (iii) assumption (ii).
Step 3: normalize. Since |V,§| <ng:

d(Zk, 2k-1) 1 . . 2_(1+pL)o
< Zik T Zik—1 <—— =B.
N RN P VP
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Proof of condition (c) (the arrival process is bounded with H >0, i.e., d(25, 2 )/\/p[Vi| < H).
Open FedPRS initializes z; y =z, for arriving agents i € V,?. From the fixed-point characterization:
Zik = x5, — pVfi(zg).
Step 1: bound per-agent distance. Since V f;(x} ) =0 (local minimizer), for i ¢ V,?:
lzik = 2kl = |25 1 = 2k + 2 V fi(2)]
@)
ek ==k = p(Vfi(@ k) = Vi)

(”)
< oln - il + Al VFilei ) - Vi)
ZZZ % x ZU
< (1+ pL)"xi’k - :rk” < (1+pLl)w,

where (i) Vfi(x ) =0; (i) triangle inequality; (743) L-smoothness of f;; (iv) assumption (iii).
Step 2: normalize. Since |V;§‘| <ng:

d(zﬁ,ék) (1 +pL)w\/— (1+pL)w +pL)w L
VPVl V[Vl
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Theorem (Open FedPRS Algorithm in OMAS)

Consider the distributed optimization problem over an open network

min Z fi(z:)

{eitievy, ey,
s.t. x; =xj, V(i,j) €&
Assume that each f; : RP? — R is proper, Isc, m-strongly convex, and L-smooth. Consider the Open FedPRS

rerster xl(k"—l) = pI‘OX?_ (QZc(k) - Zz(k)) ) 1€ Vllc:{#-l?
zi(k+1) = zi*(k)+2($i(k+1)—zc(k)) Z:EV'E“’
Ty k+1 0E Vk+17

ze(k+1) = i Tiev,, 2i(k+1).
Assume also the departure process is bounded with 8 € (7,1) for all k € N, where v = {(pL - 1)(pL +1),

(1—=pm)(1+pm)} <1. Then, the open sequence {z(k)}xen converges at a linear rate 8 = v/f3 to the TPI
within radius R, B (tol)o

de(k).50)  ed:(0).50)  BH

NG NGO 1-6° _ (Q+pl)w
b pno y H = gB

Consequently, z(k) converges linearly to the consensus state 1,, ® j.

[R13] D. Deplano, N. Bastianello, M. Franceschelli, K.H. Johansson (2026). Federated Learning in Open Multi-Agent Systems via Peaceman-Rachford Splitting, IFAC WC.
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@ A numerical example on the EMNIST dataset
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Distributed binary classification

Dataset. The EMNIST dataset contains 70000+ handwritten digit images from 3400+ writers. Each image is a
28x28 grayscale scan, stored as a vector a;j€[-1,1]P with p = 784.

Agent structure. Each agent i € V}, holds the data of one

writer:
) +1 if digit=4
CL",b" 7}1’ b= ’
{(ayy ”)}3:1 “ {—1 otherwise.
Stack rows: A; € [-1,1]™*P, b; € {-1,+1}™. 28 x 28 digit example

Goal. The agents collaboratively minimize the global penalized least-squares cost

A
@)= TR, @)= oAbl Skl

i€V,

obtaining a linear classifier 2}, € RP without sharing raw data.
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Classification accuracy (final agents)

Model evaluated on the joint dataset of all agents present at k=T

Metric Open DGD  Open ADMM  Open FedPRS
Overall accuracy 0.9295 0.9422 0.9426
Balanced accuracy 0.7566 0.8012 0.8031
Sensitivity (digit 8) 0.5292 0.6158 0.6196
Specificity (non-8) 0.9841 0.9866 0.9866

Diego Deplano

University of Cagliari, ltaly

Introduction to Open Multi-Agent Systems — Part IV — Splitting algorithms via operator theory



Recap  The PRS Algorithm The distributed PRS in OMAS (Open ADMM) The federated PRS in OMAS (FedPRS)

000000 OO00O0O0OOO0O00 OOO0OOOOO0OO0O0OO00O0000000 00000000000

future directions, and debate

Example predictions

Representative predictions by confidence

DGD: 8 correctly identified (TP) DGD: 8 missed (FN) DGD: Non8 called 8 (FP)
true=s, score=+104 Store=185 true=5, score=+0 60

ADMM.: 8 correctl identified (TP) ADMM: 8 missed (FN) ADMM: Non8 called 8 (FP) ADMM: Non-8 correctly rejected (TN)
true=8, score= 125 true=3, score--1.45 true=2, score=+0.57 truc=3, scoren 2,07

FedPRS: & correctly identified (TP) FedPRS: 8 missed (FN) FedPRS: Non8 called 8 (FP) FedPRS: Non-8 correctly rejected (TN)
true=g, score=+103 frue=s, score=1.43 true=1score=+0 57 true=0, score=-2.02

Diego Deplano
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@ Conclusions, future directions, and debate
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